(N 

O 

(N 



c^ 



0^■ 



00 



EXISTENCE OF A LORENZ RENORMALIZATION FIXED 
POINT OF AN ARBITRARY CRITICAL ORDER 

DENIS GAIDASHEV, BJORN WINCKLER 



. Abstract. We present a proof of the existence of a renormalization fixed point 

1^^ for Lorenz maps of tlie simplest non-unimodal combinatorial type ({0, 1}, {1, 0, 0}) 

and with a critical point of arbitrary order p > 1. 



1. Introduction 



E. N. Lorenz in |8| demonstrated numerically the existence of certain three- 
dimensional flows that have a complicated behavior. The Lorenz flow has a saddle 
i-S^ ■ fixed point with a one-dimensional unstable manifold and an infinite set of periodic 

j^ , orbits whose closure constitutes a global attractor of the flow. 

As it is often done in dynamics, one can attempt to understand the behaviour 
of a three-dimensional flow by looking at the first return map to an appropriately 
chosen two-dimensional section. In the case of the Lorenz fiow, it is convenient to 
SI^ , chose the section as a plane transversal to the local stable manifold, and, therefore, 

>^^^ ■ intersecting it along a curve 7. The first return map is discontinuous at 7. 

f~^ , The geometric Lorenz flow has been introduced in 9 : a Lorenz fiow with an 

10 ■ extra condition that the return map preserves a one-dimensional foliation in the 

'^ , section, and contracts distances between points in the leafs of this foliation at a 

[~^ ■ geometric rate. Since the return maps is contracting in the leafs, its dynamics is 

^D , asymptotically one-dimensional, and can be understood in terms of a map acting 

on the space of leafs (an interval). This interval map has a discontinuity at the 
point of the interval corresponding to 7, and is commonly called the Lorenz maps. 
More precisely, 

^^ ■ Definition 1.1. Let s > and p > 0. A C'-Lorenz map -0 '■ [~lj''] ^^ [^^tA is a 

H . map given by a pair {f,g), such that: 

1) / : [—1,0) i~7> [— l,r-] and g : (0, r] M' [—l,r]. f and g are continuous and 
strictly increasing; 

2) there exists p > 0, the exponent of "0, such that 

f{x)^l{\xn, g{x)=t{\xn, 

I and t being C"*-diffeomorphisms. 

Guckenheimer and Williams have proved in f5| that there is an open set of three- 
dimensional vector fields, that generate a geometric Lorenz fiow with a smooth 
Lorenz map oi p < 1. However, one can use the arguments of [5] to construct open 
sets of vector fields with Lorenz maps of p > 1. Similarly to the unimodal family, 
Lorenz maps with p > 1 have a richer dynamics that combines contraction with 
expansion. 
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For any x E [— l,r] \ {0} such that /"(a;) ^ for all n eN, define the itinerary 
uj{x) £ {0, 1}^ of X as the sequence {ujo{x),uji{x), . . .}, such that 

0, r(a;)<0, 

1, P{x) > 0. 

If one imposes the usual order < 1, then for any two w and w in {0, 1}^ we say 
that oj < a) iff there exists r > such that uJi = uji for alH < r and ujr < Cjr- 
The limits 

u){x ) = lim uj{y), uj{x^) = lim ^(y), 

y— )-a:+ y— s-a:^ 

where y runs through points which are not preimages of 0, exists for all y G [— 1, r]. 
The kneading invariant K{f) of/ is the pair {K~{f),K^{f)) = (w(0~), w(0+)). 
Hubbard and Sparrow have shown in [6] that [K^ ^K^) is the kneading invariant 
of some topologically expansive Lorenz map iff for all n G N 

X-=0, K+^l, cr{K+)<a"{K+)<cr{K-), a{K+) < a"{K-) < <j{K-), 

here a is the shift in {0, 1}'*'. 

Kneading invariants for a general Lorenz map, not necessarily expansive, satisfy 
a weaker condition: 

Kq=0, K+^1, a{K+)<a'^{K^)<a{K~), n G N. 

Conversely, any sequence as above is a kneading sequence for some Lorenz map. 

A Lorenz map / is called renormalizahle if there exist p and q, —1 < p < Q < 
q < r, such that the first return map (/",5™), n > l,m > 1, of [p,q\ is a Lorenz 
map. 

The intervals /'([p, 0)), ^ < i < n — 1, arc pairwise disjoint, and disjoint from 
[p, q]. So are the intervals, p{{Q,q\), 1 < i < ra— 1. Since these intervals do not 
contain zero, we can associate a finite sequence of and 1 to each sequence of the 
intervals: 

K- = {K^, . . . ,i^-_i}, K+ = {K+, . . . ,if+_i}, 

which will be called the type of renormalization. The subset of maps 11.11 which are 
renormalizable of type (a, /3) is referred to as the domain of renormalization I?q, p 

(cf. H). 

The study of renormalizable Lorenz maps was initiated by Tresser et al. (see 
e.g. [I]) but a more recent paper is that of Martens and de Melo (see [7]). The latter 
authors consider the combinatorics of the renormalizable maps, and prove several 
results about the domains of renormalization and the structure of the parameter 
plane for two-dimensional Lorenz families. 

The second author of the present paper has provided a computer assisted proof 
of existence of a renormalization fixed point for the renormalization operator of 
type ({0, 1}, {1,0, 0}) in [10]. Furthermore, issues of existence of renormalization 
periodic points and hyperbolicity have been addressed by the second author in [11] , 
where it is proved that the limit set of renormalization, restricted to monotone 
combinatorics with the return time of one branch being large, is a Cantor set, and 
that each point in the limit set has a two-dimensional unstable manifold. This 
result holds for any real p > 1. 

In this paper we give an analytic proof of the result of [lOJ for a general exponent 
of the Lorenz map p > 1. 
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Figure 1. The renormalization fixed point for p = 2 computed 
in [TU], r^O.453 . . . 



We consider the renormalization operator R of type (a,/3) — ({0, 1}, {1,0,0}), 
specifically R{f, g) = (/, g) where 

(1) /(^) = A-i.g(/(Az)), 

(2) g{z) = X-^f{f{g{Xz))), 

(3) A = -/(/(-!)). 

As usual, the notation C"^ will denote the analytic class of maps. 

Main Theorem. For every p > 1, there exists a C^ -Lorenz map {f*,g*) which is 
a fixed point of the renormalization of type ({0, 1}, {1, 0, 0}). 

To prove the theorem we introduce an operator on an appropriate functional 
space of the diffeomorphic parts of the inverse branches of / and g. The crucial 
ingredient of our proof is a demonstration that there exists a subset in this func- 
tional space, invariant under the operator, characterized by the condition that the 
nonlinearities of the inverse branches are negative and bounded away from zero. It 
is this negativity of the nonlinearity that seems to be indispensable to complete the 
proof. 

We would like to remark that the results of this paper could be made somewhat 
more general: indeed a similar method can be used to demonstrate existence of 
renormalization fixed points of other types for longer a and /3. This is the range 
of a and /3 that was not accessible through the methods used in [TT] where the 
condition that one of the branches has a very long return time (long a or /3) was 
crucial. 

However, we believe that at this point it would be timely to attempt to built 
a complete renormalization theory for Lorenz maps that would mirror that for 
unimodal maps. Specifically, one could attempt to extend the results of [H] to all 
return times, and demonstrate existence of the whole renormalization horseshoe via 
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real or complex a priori bounds. We believe, that the negativity of the nonlinearity 
of the inverse branches could again play an important role in such proofs. 

2. An operator on the Epstein class 

Consider the action of this operator on the little Epstein class of functions, that 
is, functions / and g factorizable as f — I o pp o —id, and g = t o pp^ p > 1, where 
Pp is the exponential map 

Pp{z) = zP, 

and I, t are some diffeomorphisms (to be specified later) of the range oi Pp (cf. [2], 
[3], [3]). Ignoring the issue of domains of maps for a moment, we get for the fixed 
point version of ([I])-©- 

I o Pp o —id = A^ otoppoloppO —A 
Xo I o Pp = toppoloppoX 
t^ oXolopp—ppoloppoX 
pi o t~ oXolopp — loppoX 
l^ opiot^ oXolopp=ppoX 

l^ opiof oX^PpoXopiol^ 

p p 

(4) r'^opiot-'^ox = x''or\ 

p 

here, pi is the root function 

p 

pi (re' ) = r'p e'p . 
p 

In a similar way, we get from ([2]) the following equation for inverse diffeomorphic 

parts l^^ and t^^ of the inverse branches of the fixed point of R: 

(5) r'^ o-pioT^ o-piol-^X = XP or^. 

p p 

Define diffeomorphisms U and V by setting 

r^{z) = aU{r-z), t-\z) = hV{z + l), 

where the normalizing constants a and b will be chosen below. U and V are defined 
on 

(6) [0,r-/(-l)] and [0,5(0) + 1], 
respectively. Then @ and ^ become 

XPU{r -z) = u{r-pi. {bV{Xz + 1))^ , 

XPV{z + l) = v{l-pi {aU{r+pi{aU{r~Xz))\y\ , 
or 

(7) XPU{z) ^u(r-px {hV{X{r - z) + 1))) , 

(8) XPV{z) = v{l-pi. [aU (r + pi {aU{r - X{z - l)))\ \ \ . 

Set 

rP 1 

(9) ^=777"; TTi and a = -— r-, 

^ ' y(Ar + l)' U{r + yy 
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where y — y{\) solves 

We will demonstrate in Section [5] that (ITU)) has a unique solution whenever U is an 
appropriate functional class. 
Equations ([7]) and ^ become 

(11) rt/=a.*,..„ ,,,,,,..-.,, (la^fc-itii), 

(12) yV^Vo'^uxr, '^u.Xr=l-pi(au(r+pi^{aU{r-\{z-l))))y 
Notice, that the normalization constants a and h have been chosen so that 

*V,A,r(0) = $C/,A,r(0) - 0. 

At this point we will "decouple" the system (fTTj) — (|T2|) . i.e. we will allow the 
scaling A in p^ and (|14p to be two independent quantities. These new scaling 
parameters will be called A and /i. At the intuitive level, we are introducing more 
freedom in the system, and changing the problem of a search four a quadruple 
(f/, y. A, r) from a pair of fixed point equations into a problem of looking for pairs 
(f/. A) and {V, fi) independently from separate equations while keeping r as a param- 
eter. The second is a more accessible problem. We will demonstrate that solutions 
of the decoupled fixed point equations exists, and that A and /i, corresponding to 
fixed points, are continuous in the parameter r. At the end, the value of r will be 
adjusted so that A = /i, providing a solution to the original problem. The decoupled 
system takes the following form. 

(13) yu^uo ..,,,., ..,,,,. . ,. - .p, ( ^%;;\;^^ ) , 



ti£-m 



(14) ^^"¥ = ¥0^^..^,,, <^u,^^, = l^ 

, X fU(r + fi) 

Set 



U{r+y) 



U{r + y) 



U{r + y)J ' ' ' ^? \V{Xr + l)^ 

with this notation the decoupled system becomes 

(17) APf/ = C/ o ^v-Ar, ^vMz) = r^rW{X{r-z)), 

(18) fiPV^Vo<^u.^.r, ^u,,.A^) = l-Z{Z{^{l-z))), y = Z{^i). 

We will define an operator % on pairs {U,V), that belong to an appropriate 
functional space, as follows. Given a pair {U,V), let A — X{V,r) and /Lt = n{U,r) 
be the solutions (if they exist) of the equations 

J. v'(Xr + 1) 

(19) A" = *V.A,.(0) = X- I > ^ XrW'iXr), 

p V{Xr + 1) 



y U'{r + y)U'{r + fi) 
" p^ U{r + y) U{r + fi) 



(20) f.^ = $'^,,,(0) = m4 ..^^..^ ^^ - M^'(?y)^V). 
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Define 

(21) (C7, V) = TriU, V) = {X-PU O ^v-.A.r, t^-'V O $c;,^,,) 

and 

V{l + \r)j ■ 



W(z)=Pi 



In the following sections we will choose {U, V) in an appropriate subset 5 of a 
compact space of functions holomorphic in a double slit plane, and demonstrate 
that 

a) for all [U^V) E S the solutions (A,/i) of (fT5)) — (PO)) exist and are unique 

for every r, and 7^ is a continuous operator of S into itself; 
h) X < fj, for sufficiently small r, and /j, > A for sufficiently large r for all 

{U,V)eS; 
c) the iterates 77'(^o, Vb) converge to a fixed point {U* , V*) of 7^ uniformly 

in r, in particular the maps r — >■ A* = A(T^*, r) and r ^)- fi* = ^jl{U* , r) are 

continuous for a range of positive r. 

These three facts will imply that there exists a value r' of r such that A,*, = //,*, , 
and the pair {U;,,V*) solves - (0). 

To prove a), b) and c) above, we will construct a subset of a compact space of 
functions U and V holomorphic on a double slit plane, such that the nonlinearities 
of Z and W are negative on the real slice of the domain 

7Vz(a;)<S<0, Nw{x)<T <0, 

and we will demonstrate that Z and W for the image of [U, V) under Tr has the 
same bounds on the nonlinearity. 

We would like to note, that assumptions on the nonlinearity seemed to be unnec- 
essary in similar proofs of the existence of the fixed points for the unimodal maps, 
for example, in the proof of existence of the Feigenbaum fixed point in [2]-[l]. 

3. Preliminaries 

3.1. Herglotz bounds. We will proceed with some definitions. 
The upper and the lower half planes will be denoted as 

C± = {z e C : ±3(z) > 0}. 

Let J = (—a, b) C M. Given such interval J C M, denote 

C,7 EEE C+ U C_ U J. 

We will further define the space of Hcrglotz-Pick functions 

n{J) ^ <u : u is holomorphic on Cj, u{z) = u(z), u(0) = > . 

fl{J) is a compact metric space. 

Functions in n{J) admit the following integral representation: 

1 1 



(22) f{z) - f{zo) = a{z -zo)+ diy{t) , 

Z — Z t — Zq 



EXISTENCE OF A LORENZ RENORMALIZATION FIXED POINT 7 

where i/ is a measure supported in M \ (—a, 6). This integral representation can be 
used to obtain the following Herglotz bounds on Q{J) 

a f'{x) b . ,^ 

Notice, that the integration of the Herglotz bound (P^ gives for all y > x > 0: 

^24) y{a + x) ^ f{y)_ ^ y{b - x) 



xia + y) f{x) x{b-y)' 

Next, we denote by ilc{J) the subclass of functions / G il{J) normalized at some 
point c, & > c > 0, as /(c) = 1. Using the integral representation (f22|) . one can 
demonstrate that any / e flc{J) satisfies the following bounds 

,„ , 1 a + c f(x) 1 b — c , , 

(25) >l^-2>_ , xe{~a,c), 

c a + X X c b ^ X 

,„„, la + c f(x) 16 — c , ,, 

(26) —- < ^^^ < , X e (c, b). 

c a + X X c b — X 

Suppose / G ^{J), J 7^ 0. Then, for every z d J and every finite complex 
sequence vq, ...,vn, one has the following relation for the derivatives of / 

In particular, all odd derivatives of / G il( J) are non-negative on J, and so is the 
Schwarzian 

<-' f-f(f)^^(f)'4(f)'-. »-• 

In particular, the nonlinearity of a Herglotz-Pick function is increasing. 

The positivity of the Schwarzian has the following consequences. Let J = {—a, b) 
be non-empty. Denote g = f" / f, suppose that g is non-zero in [x, y] C J, and 
integrate the inequality g'{x) > g{x)'^/2: 

1 1 y — X 



gix) g{y) 2 

If g{x) > 0, then g{y) > 0, and g{x) < 2/{y — x), which is also true if g{x) < 0. At 
the same time, g{y) > —2/(2/ — x). Taking the limit y —^ b in the first inequality, 
and X -^ —a in the second, we get 

(28) zMM</"(^)<^, x€{-a,b). 

a + X b — X 

3.2. Nonlinearity. Next, assume that the nonlinearity 

Nrix) = ^^ 

^^^ nx) 

of / is positive on J . Then, we can use the positivity of the Schwarzian derivative 
to obtain 

, /'"(x) r{x) fix) (rix) ff"ix)Y\ ^ 1^ , . 
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Alternatively, if the nonlinearity is negative, then 

(In (-7V;(x)))' = (ln(-/" (x)) - ln(/'(x)))' 



2N 



r'{x) fix) fix) fix) ff"{x)y\ ^ 1 



f"{x) fix) nx)yf'{x) \r{x)j j^2^^^''^- 

In either case, the solution to the the initial value problems (lniV^(a;)) > 
Njix)/2, Nfixo) = No, or (H-Nfix)))' < Nf{x)/2, Nf{xo) = TVq, , is 

2- No{x- xq) 
therefore, 

2Niix) 



(29) Nf{y) > 



2-Nf{x){v-x) 



for all y > X in the case of a nonlinearity of a constant sign. 
Furthermore, 

{\nnx))' = Nf{x), 

and, under the same assumption of Nf of a constant sign, the initial value problem 

f"{x) ^ 2No 

fix) - 2~No{x~xo)' 

is 



-n l^TFZ — TT' 2; > xo, /'(a;o) = /o, /"(a;o)//'(a;o) = iVo 

4/0 



f'{x)> 

'- i2~No{x~xo)f 

and we get 

{2~Nf{x){y~x)) 

for all y > a;. 

Given a real constant a and a real c ^ J — {—a, h), we set 

r a2pi(/(c + x)) 1 

"M")"p^('^)- a.p:(/(c + .)) ^--' .e(-c,6-c)|. 
Notice, the set J7>^(J) in general is not a convex subset of Vt{J). 

3.3. Schvifarz Lemma. Finally, we will mention the following easy consequence of 
the Schwarz Lemma which will play an important role in our proofs below (cf ^): 

Lemma 3.1. Suppose f is a holomorphic map ofCj, J ~ {—a,b), into Cj, J' = 
{—a',b'), which fixes then 
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4. Statement of results 

We will now give a more precise statement of what will be proved in the following 
sections. 



Set 



1 



(32) ^+«n7TTJ ' '^-^^^ V(^ + i)^ 

and 

(33) Ju = (r- ^ , I , ^ ,r+-^ \^ Jv=\ 1--— -^^==,1 



Kkr)[i^(r) \+ir)J \ A+(r)^^+(r) ^^+{r) J 

The intervals Ju and Jy serve as lower bounds on the real slices of the maximal 
domains of definition of U and V, in particular, they include the intervals ^. 
Notice, that the left end points of the real slices of the domains of definition of 
the functions ^v,A,r and $(7,^,r (see ([T ^ - p^ ) are specified by the conditions that 
the arguments of the root functions pi, be non-negative. This leads to our choice 

of the right end points in ^■. V{X{r - z) + 1) > =4> A(r - z) + 1 > and 
U{r - fi{z-l)) >0 =^ r - fi{z - 1) > 0. The left end points of §^, are then 
specified by the conditions that the arguments oiV{X{r—z) + l) and [/(r — /i(z— 1)), 
appearing in the definition of '^v,x,r and ^u,fi,r do not exceed the right end points of 
(p3)) . Also, notice that U enters the definition of ^u,fj.,r in a composition with itself, 
which makes finding bounds for the second fixed point problem more complicated. 
To produce usable bounds, we had to restrict the domain of Jy even further: this 
is the reason why /i+ (r) enters the left end point of Jy as ■y//i+(r). 

The main results of the paper are the following two theorems. 

Theorem A. For any p > 1, there exist r+ > r- > 0, and two functions S(r) < 
and T{r) < 0, continuous on (r_,r_|_), such that: 

i) for every r G (r^,r^) and {U,V) G ri^j2( Jjy) xi7^p(Jy) there is a unique solution 
(A, /i) G (0,A+(r)) X (0, /i+(r)) of the equations (J19l) and (j20p . and the functions 
r I— >■ A(r), r i~> /i(r) are continuous on (r_,r-(-); 

ii) %. is a well-defined, continuous operator of the subset r2^j^(J[/) x J7^p(Jy) into 
itself, where Ju and Jy are as in 



Hi) for any {Uq,Vq) G Vr^^{Ju) x r2j,p(Jy) the iterates T^{Uq,Vq) converge uni- 
formly to a fixed point of % ■ 

Part i) of the Theorem will be mostly proved in Lemma l5.2[ while the continuity 
part of the statement of Part i) will be finished in the last Section [T] Part ii) will 
be proved in Proposition 16.11 Finally, Part Hi) of the Theorem will be proved in 
Section [71 

Existence of a renormalization fixed point follows from the following theorem. 

Theorem B. For every p > I there exists r' G {r^,r^) such that A(r) ~ p{t), and, 
therefore, the system 
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has a solution {X*,U*,,V*,) G (0, 1) x ^{Ju) x ^{Jv)- 
Theorem B will be proved in the last Section [T] 

5. Existence of the scaling parameters for the decoupled system 
Consider functions 

{u,v)en{Ju)xn{Jv), 

and let Z and W be as in (IT6l) . Such {Z, W) are in fl{Jz) x n{Jw), where 

We will start with a simple lemma that insures that the "parameter" y from (fT5)) 
is well-defined. 

Lemma 5.1. For any U G fl{Ju), fJ, G (0, 1) and p > I, the equation 

' = 'AWTy), 

has a unique solution y G (/i, 1). 

Furthermore, if U € fl^^{Ju) for some a < 0, then y > y^, where 

(34) y- = > ^. 

Proof. Consider the function 

f{y)^y''Uir + y)-Uir + ^i). 

We have 

fi^i) = p.PU{r + ^Ji)- U{r + fi) < 0, /(I) = U{r + 1) - U{r + ^i) > 1 

we have use that < /i < 1 and U is an increasing function. Therefore, / has a 
zero in (/i, 1). Furthermore, for any y > 

f'iy) = py'-'Uir + y) + yPU'ir + y) > 0, 

/ is a monotone increasing function, and its zero in (p, 1) is unique. 

To demonstrate the last claim of the Lemma, notice, that the function Z is 
concave whenever U G Q^^^{Ju), therefore 

y = Z{n) > Z{y)^—- = — — 
r + y r + y 

(notice Z{—r) = 0, Z{y) = 1). The solution of this quadratic inequality yield the 
lower bound ^^. O 

Next, observe, that 

'^u,,A^) _ (Z"{Z{p{l-x))).. .^ ,, , Z"(Ml-x)) 



%.p.A^) V ^ (^(Ai(l - 2;))) Z\ix(\-x)) 

= -p {Nz{Z{pil - x)))Z'{^i{l - x)) + Nz{^l[l ~ x))} . 

This implies, that whenever U G ^^^^{Ju) for some cr < 0, the function 

$c/,M,r(a;) = 1 - Z(Z(/i(l - x))). 
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has positive nonlinearity and is in f2(J$), where 

In particular, the analyticity of $;7,p,r on Cj^ follows from the fact that Z(/i(l — a;)) 
maps the interval J$ to [Z (y/A+) , 0), where 

\\+) - r + y - A+' 

the first inequality following from concavity. Therefore, (Z(y/A+),0) is contained 
in the domain of analyticity of Z . 
At the same time, the function 

*\/,A,r(a;) =r- rW{\{r - a;)) 

has positive nonlinearity and is in il(J^), where 

_ / r 1 

\ A/1+ ' A 

We are now ready to prove the following Lemma: 

Lemma 5.2. Let {U, V) G ^^^{Ju) x ri^^(Jy) for some a > and 7 > 0. 

Then, for every r £ (0, 1), the equations (|19l) and (I20p have a unique solution 
(A, /i) in the set 

(A_(r),A+(r))x(Ai_(r),/i+(r)), 
where A+(r) and /i+(r) are as in (j32p . and 



M-W = 



p(A+r + l)(l + V7^A|r)^ 

y^ (1-A+M+)' ^ 

p2 (r + l)(r + /i+)(r + A+^+)(r + A+/4) 



Furthermore, the map {U,V) i— > (A,/i) is continuous from il^^^{Ju) x fij, (Jv) 
toA_(r),A+(r))x(^_(r),/i+(r)). 

Proof. One can obtain the lower bounds on ^y ;^ ^ (0) and ^[j ^ (0) straightfor- 
wardly from dUl), ([201) and ([23]). 



(35) ^WM > ^' '^^ 



p i^^ + ^)ij:h= + ^^) 



1 



(36) -' '- - ■ y ^'^"^ 



2 



y_ (r - rA+Ai-+) 



p2 (r + fi+){r + l)(r + /4A+)(r + A+/i+) ' 

On the other hand, we can use the Schwarz Lemma l3.ll to bound '^'y x ^i^) 
and $j/^^^r(0) from above. First, notice, that since the nonlinearities, and hence 
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the second derivatives, of 'i'v,\,r and ^u,fi,r are positive "^'y x rW < ^'va r(0) and 
^u u ri^) < ^u n r(0) ^'^^ ^^^ negative t in the domain of these functions, and 



^uM-t) > -^*'c/,^,r(0), 1 - ^ < -i < 0. 



Therefore, 






$ 



where we have used the concavity of Z to get 

TV TV 

ZiQ) > Z(ji)^ = y^ > Z{y)^ = —— 
r + fi r + fi 1^ + y 1" + y 



*C/.M.r(l + -) =1-^(0) <1 '' '^ 



fij r + y r + y 

We can now use (PT|) to find upper bounds on *[/,^ ,,(0) and ^'y x r(0)- 
i*V;,^(0)r(r + i + i) , . . Ar 

i(r+i)(tM.V.A,.(0)+r) ^^ + 1 

Kl + ^)K,.,^(0) + ;^) r + yr + M 

Consider solutions of the equations A'' = '^y x ri^) with the upper and lower 
bounds on ^'y x r (0) substituted for the right hand side: 

Ar ^+^/F+ ^ . \ ^ \ /„\ f ''' ^ ^ \/M+'^h 

1 



^' P (Ar + l)(x^ + Ar) ^ ^ " ^"^''^ U (A+r + 1)(1 + ^ITA^^r) 



(3T) ''-^l^'^'-^^^-yr^l 

The function 

/(A,r) = A^-i - i*V,A,.(0) = A^-i -rW^'(Ar) 
satisfies /(A_(_,r) > and f{X_,r) < 0, and 

9a/(A, r)^{p- l)XP-^ - rdxW'iXr). 
We have 

W'{x) = -V'{x + l)V{x + l)p"\ 

lV'{Xr + l) 



M^'(Ar) 
dxW'iXr) 



pV{Xr + l)' 

r (V"{Xr + l) V"'(Ar + l)2 



p\V{Xr + l) y(Ar + l)2 
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^ ^ I"'" .-.,,, .^i_l /I 1 ^ T7//_ , 1\2t^^_ , l\--2 



while 

W"{x) = ( V"{x + l)V{x + l)p"^ + ( - - 1 ) V\x + lfV{x + 1) p 

PV{\r + l)- \ \P 



p\V{x + l) \p J V{x + IY 

Therefore d\W'{\r) < rW"{Xr) < 0, since the nonhnearity, and hence the 
second derivative, of W is negative. It follows that / is monotone and has a unique 
zero in the interval (A-, A+). Continuity of A in y follows from the fact that / is 
continuous in V. 

Similarly, the function 

(38) 5(m, r) = ^"-1 - U'u^^AO) = P"-' - Z'{y)Z'{p) 

has a zero in the interval (/i_,/i+), where 

1 



(39) A*- 



(40) fi. 



p2 (r + l)(r + n+)(r + X+p+){r + X+pl)^ 

1 

1 



We will now show that this zero is unique. First, 
(41) d.gip, r)^{p- l)pP-^ - [d^Z'iy)) Z'ip) - Z'{y)d^Z\p) 

Next, 

t^(r+^ 
U{r + y) 

g ^ U'{r + p) ^ U\r + p) _ 1 U'{r + p) 

^^ pyp-^U{r + y)+yPU'{r + y)-pyP-^U{r + y) p^U{r + p) 
We use this bound in an estimate on dfj_Z'{p) in the third line below: 

Z'{x) = -U'{r + x)U{r + a;) p"\ 

PU{r + y)p 

1 U'jr + fi) 

p U{r + p) 

Z"{x) = i (u"{r + x)U{r + x)p-i +(--l\ U'(r + xfU{r + xf^'A , 

PU{r + y)- \ \P J J 

d,Z (^) - ^ [d,y) ^^^ ^ ^^^ + ^y y ^^^ ^^^- ^^^ ^ ^^, j 

1 U'{r + pY 1 fU"{r + p) U'{r + pf 
- ^^ U{r + /i)2 + p^ ly U{r + p) ^ U{r + pY 
< yZ"{p) < 0. 

At the same time 
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Therefore, the right hand side of ()4ip is positive, and g is a monotone increasing 
function. The zero of g in {^^,11+) is unique. The fact that the map [/ H> /i is 
continuous fohows from the continuity of the function g (see (|55|) ) in C/. D 

We will now demonstrate that the unique solutions of (|19p and (PH)) have to 
satisfy fi > X for sufficiently small r, and fi < X for sufficiently large r. 

Lemma 5.3. For every p > 1 there exist r+ = r_(-(p) > ?■_ = f-ip) > 0, smc/i t/iat 
the unique solution (A, /i) of (1191) anrf (j20p satisfy p > X for all r < r^, and X > p 
for all r > r^. 

Proof. First, we look at small r's. 
According to the formula ([57)) . 

(42) XPr + X"-^ < r, 

and A ~ 0{r~). These two facts, in turn, imply that the first term in (|42|) is O(r^), 

p-l i-rjn 

the second — 0{r p ), and consequently, for small r the inequality P2)) becomes 

A^-i <Cr =^ A = C'(r7^), 

(C here and below will denote an irrelevant constant, not necessarily one and the 
same). At the same time, according to ([55]) 

n^i -^ r^ y r^{l- X+p+f 



p"^' > C 



>c y 



r + y (r + p){r + X+p+p){r + X+p+y) 

J2 



r + y {r + p)'^{r + Oir-^)) 

Notice, that y/{r + y) is an increasing function of y, therefore its minimum is 
achieved at y„. For small r, y_ = 0{y/r + p), i.e., for small r, y-/{r + y-) = 0{1). 

pp-' > C ^. 

(r + ^)2(r + 0(rp-i)) 
We consider two cases p < 2 and p > 2. In the first case 
2 

„P-1 > (J ^ > (J ^ y, 

(r + /i)2(r + 0(r^)) ~ {r + pf 

p'^{r + p)>Cr^ =^ p>0{r'^). 

in the second case 

9 2 L 

7"^ r p-i 
„P-1 > (^ ; > (J_ y. 

{r + p)^{r + 0{r-?^)) ~ {r + p)^ 



p'^{r + p)>Cr^ 2(p-i) =^ ^ > 0(r(p-i)(p+i)). 

In both cases, for sufficiently small r, p > X. 

We will now look at large r. First, consider psp for large r: 



p (A+r + 1)(1 + X+^mr) - p (A+r + 1) (2 + O (i)) 
-p((l + 0(i))r + l)(2 + 0(i)) -2plv l^ 
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On the other hand, ii+ — O (^-p^) (cf. PO)) ). Therefore, for sufficiently large r, 
A > /z. "^ D 

6. Bounded nonlinearity 

We will now look at the images of the nonlinearities Nz and Nw under the 
operator %■ Let {U,V) G ^"^^^{Ju) x il^^(Jv) for some negative a and 7. Then, 
the equations ([T5|) and ([20]) have a unique solution (A,/i). Denote 

(f/, y) = Tr{U, V) = {\-PU O *y,;,^„ ^""F O $[;,^,,) . 

Also, for brevity, denote piU — U„ and piV — Vp, then 

^ W; (r + ^v,xA^)) ^'v,xA^? + K{r + *y,A,.(x)) K,xA^) 
= Nz (^v.xA^)) KxA^) + fp4^ 

= Nz (*KA,r(a;)) K.xA^) + ^*v,A..('^ + 2^)- 

where ^v,x,r{x) = '^v,x,r{r + x) — r. 



{Vp{l + x))' {vA^u,pAr + m' " (yp(r + ^u.,Ax))) 

= Nw (^u.pA^)) ^'u,pA^) + N^^^^A^ + x). 

where $;7,M,r(a;) = *(7,A«,r(l + x) - 1. 

We will also require the following relation between the nonlinearity of $c/,/j,r 
and Z: 

(43) ^*,,„.(x) = -p. {Nz(^Z{p{\ - x)))Z\p{\ - x)) + Nz{fi{l - x))} . 

Recall, that for Herglotz-Pick functions 

'^^■^"^" /'(.) [fix)) ^2^^^^^' 
which follows from the positivity of the Schwarzian derivative. Therefore, the non- 
linearity of these functions is monotone increasing. 
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Proposition 6.1. There exist functions S(r) < and T{r) < 0, continuous in r, 
such that Tr is a continuous operator of the set ^^^■s(r)('^u) x ^<r(r')('^^) *"'^'' itself. 

Proof. For a fixed r, suppose the nonlinearity of Z is bounded by some negative cr on 
all of Jz — (— r, 1/A+), while that of W is bounded by some 7 on Jw = (^ 1, ^/m+): 

(44) Nz (^] < a < 0, Nw (—) < 7 < 0, 



Notice, due to the bounds 

2 

(45) a> — = a^, 7 > -- 



""' A, 



Let (A, /i) be the unique solution of P^ and (PO)) . Below, we will assume a certain 
form of the bounds a and 7, and we will show that A^^(l/A+) and Ny^{r/ y,+ ) satisfy 
bounds of the same form. In fact, we will estimate the maximum of N^i^/l) for 
any A < / < A+ and the maximum of Nyy{r/m) for any fi < m < ^+, and use the 
fact that N^il/l) > A^f (1/A+) and N^,{r/m) > Ny^{rlii+). The exact reason for 
why the nonlinearities are estimated at points l/l > 1/A+ and r/m > r/ fi^ will be 
given at the end of Step 1). 

Step 1). We start with N^{\/1): 



Since ^v,\.r is an increasing function, 

^v,\r (y) < ^V',A,r ij\ = *y,A,r \r+-]-r = 0, 



and 



iV^ ( j) < iVz(0)*V,A,,. ( j) + N^v..^^ {r+-^ 



Notice, that 



therefore, 



N^^v.xA^) = -^Nw{Kr - x)). 



(46) 7V*,,,„_ ^ ^ t) " "^^"^ ("^) ' ^*""-^°^ = -\Nw{\r). 
The estimate (I^H]) can be used to bound Nz{Q) and Nwi^r) from above: 

(47) iVz(0)< y^ , A^i^(Ar)< ^^+^ 



We also use the bound (|5n|) to estimate ^y;)^ ^ (1/0 from below. 
(48) K.,A\)^'^'v.x.rir+-^> ^^' 



^^ '^V I)- {2-N^^^,^M{r + ])y 
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We collect the estimates (j47]), (gH) and (gSl), and use ([28l) on Nw{~X/l) to get 



XNw { -J 



(49) -^+^ {^ + Nz{^)^){2 + XNMXr){r + }))' 

+ A^. 

To demonstrate that there are a and 7 such that the nonlinearities N^ and A'^^;^, 
satisfy the bounds in ((44|) , it is sufficient to come up with a choice of these constants 
so that the upper bound a on N^; (1/0 is less than a: 

a > a 

where 

^ = fT^ + A^, /(a,7,0=(^2 + ^j (^2 + Aa(7)(^r+i)^ , (cf. gi), 

27 
0(7) = -, r- (cf. the second equation ofli7|. 

2 + 7(^-Ar 

Recall the definition (|45p of (7_ and 7_ , and set 

^_ 2-(m~A^) ^^ 2 -(/-A) 



. , . 1 + — 

Notice, that 

.,^ P ^)^ 4(rZ + /^+(2 + A))(2rA+ + (m-A*)) _ 3 

(-2Ai+(l + Ar)+r(A-0(l-AAi+))'(A+r + l)?2^ 
-0(l)a-Af, 

where 0(1) is a positive function of r, A, ^ A+ and /i+ of order in {l — X). Consider 
the function 

2A/ 

5(a, 7, = ('^ - o)]{o, 7, Z) = aSAP + y3^/(^, 7, - ^/(^, 7, 0- 

We have 

(50) g(E,r, /) = -SA" • ^ ~ ^"^ 7 ^^ + 0(1)(/ - A) + 0(1)(/ - A)^. 

-*■+ 
For any A_ < A < A+, we can choose Z, sufficiently close to A, so that g(E, F, /) < 
0. Therefore, for such I, 

\\_ ^ g(S,F,0 
^A+y ''-/(I],F,0 

as required. 

It is clear at this point why we chose to estimate iV^ at Xjl and not at 1/A+: 
had I been chosen equal to A+ from the beginning, one would have to deal with the 



Nz\ — \-^< .)jj:. < 0, 
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positive second and third terms in (|50p . Specifically, one would have to show that 
g, a complicated function of r and A, is negative for a wide range of r's. We have 
circumvented this problem by estimating the nonlinearity at a point l/l > 1/A+ 
(recall, iV^(l/Z) > iV^(l/A+)), and using the fact that / can be freely chosen to be 
close to A, the solution of (TTOt . so that the second and the third terms in ((50)) are 
small in the absolute value compared to the first one. 

The solution {X,fi) clearly depends on {U,V), and, seemingly, so do E and T. 
However, we can set 

/ = A + d{r), 171 = ^1 + e(r), 

and choose S{r) and e(r) to be continuous positive functions of r only, sufficiently 
(but not necessarily infinitesimally) small, so that g < 0. Then 

^ _ 2 - S{r) p _ 2 - e(r) 



are continuous functions of r only. 

Step 2). We will now consider the maximum of N-^ir/m), in a similar way. For 
any fi < m < /i-|_ 

(51) N^ (^) = N^ ($.,„. {I-)) $',,,,. (^) + iV.,,,,. (l + ^ 

First, by concavity of Z, 

Z(0) ^ Z{y) _ 1 



r + y r + y 



therefore. 



^u,,,r (-) = -Z (Z (-iir)) < -Z{0) < -^ < -^, 
\ni/ \ \ m / / T + y r + l 



and 



Nw 



(-) < Nw i^^) ^'u,,,r (-) + N^u.... (l + - 

We use the bound ([50)1 to estimate $[/ ^ ir/m) from below. 



(^^) '^'--Q-*'--(i+£)^ 



4^' 



p 



(2-iV^.,„.(0)(l + ^))^ 
The bound (P5| can be used to bound Nw{—r/{r + 1)) from above: 



(53) Nw ( "— ] < 



2Nw 



'^ 2 + A^^(^)(^ + ^ 
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We substitute the estimates ([53|) and ([52|) in ([STj) . together with the estimate 
2B for ^*C7,^,,.(1 + r/m), to get 



iV,j, 



(-) < Nw 



( r \ 8^iP 



< AT (^ ^ ^ ^^'' 

(54) " "^^^(2 + ^-te)(^ + 7f7))(2-^*^...(0)(l + ^))^ 

2 



7^ _r_ 

/J. ?TT. 



Next, by the relation (gHl) 

(55) N^u^^jO) - -/i{7Vz(?y)^'(A^) +iVz(M)} > -A^A^z(a^)- 

Again, we use the bound ([^^ to estimate Nz{fJ.) from above. 

2^^ (at) 

It is sufficient to come up with a choice of a and 7 so that the upper bound on 

A^ {r/m) is less than 7: 

where 

8^'' 2 , , ^ /„ / r r- \ \ / / r- N N 2 

^"^ (cf. (l55D,(l5nD) 

A+ ^' 



2 + H^- 
Let be S and F be as in (|50l) . Notice, that 

, _ 4(2A+r + (m + ^l\+r)f{2^l+ + r^ - A)(a^+ + r + I)) ^ _ 2 
^ ' '""^^ (2A+(r + /i) + (m-M)(l-MA+))2(r + I)(r + M+)m2^"' ^^ 

= 0(l)(m-Ai)2. 
Consider the function 

/ \ /- \, / ^ 00 2//TO /l((T, 7, m) 

2(ct, 7, "ij = (7 - 7)/i(CT, 7, »7i) = 78^^'^ + - 7/i(cr, 7, m). 

r {m — n) 

We have 

z(E,r, m) = -8/1"^—^^-=-^ + 0(l)(m - ^) + 0(l)(m - ^if . 

A+ 

As we have aheady discussed, for any /i_ < /i < /i+ we can choose 

m — ^ + e(r) 

where e(r) is positive, sufficiently small and continuous, so that z(E,r, m) < 0. 
Therefore, 

/ T \ ziY,, r, m) 
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Figure 2. Nonlinearities Nz (a)) and N\y (h)) for the fixed 
point (p — 2) computed in [10] . 



as needed. 



Step 3). We shall now prove the claim about the continuity of the operator %.- 
Recall, that according to Lemma (I5.2p . for every fixed r, the map {U,V) M- 



(A(y),/^(C/)), is continuous from ^<s(r)('^'^) ^ ^<r(r)('^^) ^ {^-{'^)^^+{'^)) x 
(/i_(r), pL^ir)). This, together with the continuity of ^v,\.r in U and A, and '^u,^l,r 
in U and /x, implies that the map 

([/, V) ^ {\-P{V)U O ■^y^^(y^^^,,tl-P{U)V O <I>t/,M(C/),r) 

(Jc/) X ri^p(^-|(Jv') to itself. 



is continuous from $7"^^, x 



D 



7. Existence of a renormalization fixed point 

In this section we prove the continuity statement of Part i) of Theorem A. We 
also prove all of Part iii) of Theorem A, and Theorem B. 



Proof. In Lemmas 15.21 and 15. 3i and in Prop. 16.11 we have shown that there exists 
an interval (r_,r_|_), < r_ < r+, of parameter values r, and, for every r S 
{r^,r+), intervals Ju and Jy and bounds S(r) and r(r), continuous in r, such 
that the operator %. maps the relatively compact set f^<s(r')('^c/) x ri^pc^N(Jv) into 
itself, and, furthermore, \P{V,r) and ^j,f{U,r) are contained in some subinterval 
[A, (1 - A)2] c (0, 1), /^_(r_) > A+(r+) and X_{V, r+) > ^^+{r+). 

Now, consider a sequence (C/„,K) = 7;"(C/o,Vb) (cf. dH])) with {Uo,Vo) e 
ri^j^(Jt/) X ^<r(^V')- Notice, since I](r) and r(r) are continuous functions of 
r, and since the dependence of Ju and Jy on r is also continuous, such {Uo,Vo) 
can be chosen in such a way that the the map r n- (?', C/q, Vq) is continuous from 
{r^,r^) to Urg(r_,r+)^<s(r)(^(7) ^ ^<r(r)('^^) (^sre U stands for a disjoint union). 

Since the set n^^^{Jij) x f7j,p(Jy) is invariant under %, the scalings A^ = 
^y„ A„ rC-*) ^^"^ Mn = '^£/„ u„ r(0) Satisfy the bounds from Lemma [Ol and are 
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in [A, (1 - A)2] c (0, 1). Consider 

Un = Tp rpTp*V„_i,A„_i,r O . . . O *y,,Ai,r o *yo,Ao,r-, K = *k,A..r(0), 

For each k, there exist neighborhoods D^ and Dy of zero, such that 
l*v,,A,.r(z)| <^fek|, zS-D^, and \<^Uk^f.^^r{z)\ < Bk\z\, z e D^, 

for some Aj. < 1 and Bf, < I, such that A^ < A^. < A^. and Bl < fi'^ < B^. 
Specifically, one can choose Ak — A^(l + A) and Bk = ^^(1 + A). Notice, that 
since Ak > X'^ + A^ > A + A^ (and similarly for Bk), the domains D^ and Dy 
do not shrink to zero, that is, there exists s > 0, such that Ds(0) C D^ and 
Bs(0) C Dy for all fc > (here, ©^(0) denotes a disk around of radius s in C). 
Thus, for any z e ©^(0) 

n-l 
|*V„_i,A„_i,r O . . . O *yi,Ai,r O *V(,,Ao,r(z)| < JJ AfcS, 

fc=0 
n-l 

Furthermore, for all z e Bs(0), |^Vfc,Afc,r(z) — A^z| < i^l^;^! for some constant K, 



|^(7„_i,M,>-i,'- ° ■ • ■ ° ^Uuf^ur o *C/n,Mo,r(2;)| < J]^ Bki 



therefore 

/n-i N 

|*y„,A„,r o ■ • • o *v;,,Ao,r(2) - Af,*y„_i ,A„_i ,r o ■ ■ ■ o *yo,Ao,r(^;) | < ^ H ^'^"^ 



Vfc=0 
^n-1 



\fc=0 / 

while, with our choice of Ak and Bk, 



(57) |C/„+i(z) - C/„(z)| <^n^<^(l- A^)^", 

(58) |K+i(z) - K(z)| < ^ n i^ < ^(1 - A^r. 

We therefore obtain that for every r e (r_ , r+) the sequences (f7„, Vn) converges 
uniformly on 0^(0), and, in fact, as ((57| and (l58t show, the rate of convergence is 
independent of r. Since every (C/„, y„) G ri( Jjy) x r2( Jy) this convergence is uniform 
on every compact subset of Cj„ xCjj,- . The limit of this sequence, {U* , V*), satisfies 

fi'{u:,r) v; = v; o $c,.,^(t,.,,)^„ 

on any compact subset of <C,j^ x Cj^ , and, by extension, on all of C j^ x C j,, . If 
[/q and Vo are univalent in Cj„ and Cj^,, respectively, then so are C/„ and y„, and, 
by Hurwitz convergence theorem, so are U* and V* . 

Wc will proceed to demonstrate by induction that the map r i— > (r, C/„+i , Ki+i i Xn, fin) 
is continuous from (r^jr^) to Urg(r__r_|_)f7^j,|.^^( Jj/) x ri^pj^^(Jy) x [A,(l- A)^]^. 
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Consider the functions 

/(A; (r, V)) ^ y-^ - L ^'ll'l]\ , /o(A, r) ^ /(A; (r, V^)). 
p V{Xr + 1) 

Since both A and /i are contained in [A, (1 — A)^] , the points Ar + 1 , r + p and r + y 
(recall, y < 1) are always contained compactly in Jy and Jjj respectively, and the 
map 

{\-{r,V))^f{X-{T,V)) 
is clearly continuous from [A, (1 — A)^] x LJrg(r_,r+)f^<r(r)('^^) *° ^'''([A, (1 — A)^] x 

Llre(r_,r+)^<r(r)('^^)'^)- 

Recall, that according to the Lemma (|5.2p . for each r G {r^^r+) the function /o 
has a single zero in (A_ (r), A+ (r)). Since (C/qj Vq) have been chosen to be continuous 
functions of r, and since the map z i— > Vo(z) is continuously differentiable in Jy 3 
Ar + 1, the map (A, r) i— >■ /o(A, r) is continuous, and so is the unique zero of /o(-, r): 
the map r i-^ Ao(r) is continuous from (r_, r+) to [A, (1 — A)^]. One can argue in 
a similar way, that the map r i— > fJ,o{r) is continuous from (r_, r+) to [A, (1 — A)^] 
as well. 

This, together with the continuity of '5 in y, A and r, and $ in U , /i and r, 
implies that the map 

r ^ (r, Ui,Vi) = (r, \q''Uo o ^yo^o^r, Mo ''^o o ^(7o,Mo,r) 

is continuous from (r_,r+) to U,.g(,._ ,,+ )^<s(r)(^'^) ^ ^<r(r)('^^)- 

Next, assume, that r t-^ (r, C/„, y„, A„_i,/i„_i) is continuous. Then, one can 
argue identically to the case n = 1 above (substituting (C/„, Vn) for {Uq, Vq)) that 

r I-)- (r, C/„+i, K+i, A„, M„) 

is continuous from (r_,r+) to LJre(r_,r+)f^<s(r)(^t/) ^ ^<r(r)('^^) ^ [^' (^ ^ A)^]^. 

According to (|57|) and (|55|) . (C/„,V^) converge uniformly in r. Therefore, the 
functions /„(A,r) = /(A;(r, y„)) converge uniformly on [A, (1 — A)^] x (r_,r_|_), 
and so do their unique zeros A„(r). Arguing in a similar way, one can obtain that 
/i„(r) converge uniformly on {r^,r^). 

To summarize, we have argued that the maps r i— >■ (C/n+i, T^+i, A„,/l(„) are 
continuous, while the iterates (?7„+i, y„+i, A„,/z„) converge uniformly in r. This 
implies that the map 

r^(t/;,y;,A(y;,r),^(c/;,r)) 

is continuous on (r_ , r+). Since /i(C/r_ : ^-) > ^(K*_ ; ^-) and fJ.{U*^ , r+) < A(y,.*^ , r+), 
the continuous functions A*(V^*,r) and fi*{U*,r) must assume the same value at 
some point r'. We would like to emphasize, that we can not demonstrate that this 
point is unique. We have for r = r': 

\P{V;,,r') [/;, = U:, o ^v;,Mv;,,r').r'^ 

on Cj„ X Cj^. Recall, that U*, and y^* are univalent on Cj^ and Cj^,, respectively, 
if C/q and Vq are. This implies that the following Lorenz map is a renormalization 
fixed point of type ({0, 1}, {1, 0, 0}): 

{lopp,topp), 
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where 

l{z) = r'- {U:,)-\z/a), t{z) = {V*)-\z/b) - 1, 
are analytic diffconiorphisnis on 

aoU*,(Cj„), a{z) = az, 

and 

bov;,{Cj,), b{z) = bz, 

respectively, and a and b are as in ([5]). D 
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